Abstract. For the purpose of quantifying the noise in acoustic elastography, a displacement covariance matrix is derived analytically for the cross-correlation based 3D motion estimator. Static deformation induced in tissue from an external mechanical source is represented by a second-order strain tensor. A generalized 3D model is introduced for the ultrasonic echo signals. The components of the covariance matrix are related to the variances of the displacement errors and the errors made in estimating the elements of the strain tensor. The results are combined to investigate the dependences of these errors on the experimental and signal-processing parameters as well as to determine the effects of one strain component on the estimation of the other. The expressions are evaluated for special cases of axial strain estimation in the presence of axial, axial-shear and lateral-shear type deformations in 2D. The signals are shown to decorrelate with any of these deformations, with strengths depending on the reorganization and interaction of tissue scatterers with the ultrasonic point spread function following the deformation. Conditions that favour the improvements in motion estimation performance are discussed, and advantages gained by signal companding and pulse compression are illustrated.
Introduction
Motion estimation has found many applications in biomedical imaging (Amini et al 1998 , Friemel et al 1998 , Maes et al 1997 , Meunier 1998 and references therein, Nesi et al 1998 , and more recently in acoustic and magnetic resonance elastography (Muthipillai et al 1995 , Ophir et al 1991 , Plewes et al 1995 where spatial distribution of bioelasticity (also called tissue stiffness, elasticity, compliance or shear modulus (Fung 1993) ) is imaged. Unlike applications where motion occurs naturally, in elastography, the motion is generated by either static or dynamic deformations applied externally to the tissue and is therefore controllable. In acoustic elastography with static deformation, axial compression was originally employed to deform the tissue, but more recently shear type sources have also been considered (Maurice and Bertrand 1999a) . Before and after the deformation, ultrasonic radio-frequency (rf) echo signals are acquired and the spatial variation of the motion in the tissue is estimated by tracking the changes in the signals using signal processing algorithms that include cross-correlation and companding (Bilgen and Insana 1996 , Chaturvedi et al 1998 , Varghese et al 1998 . From the estimated motion field, the strain tensor is subsequently determined from the governing formulae that relate the displacements in elastostatics to the strain tensor components (Fung 1993) .
Prior research has mainly been focused on estimating the axial strain component along the compression direction and displaying it as a map of bioelasticity variation under the assumption of a condition of uniform stress in the tissue. Errors in the estimates of this component were characterized using strictly one-dimensional (1D) signal models and verified by measurements that closely simulated the motion in one dimension , Bilgen and Insana 1998b , Ophir et al 1991 , Varghese et al 1998 . These measurements involved either objects or phantoms with boundary conditions that were specifically set to restrict the motion in lateral or elevational directions , otherwise the strain images suffered from signal decorrelation artefacts.
Theoretical analysis with 1D models is very useful because it simplifys the mathematics and helps us understand the fundamentals of errors in axial strain estimation in one dimension and the detectability of targets (Bilgen 1999a) . Unfortunately, such models are far from being complete in appropriately describing the full nature of the interaction between tissue and ultrasonic beam interaction in the presence of compression. Consequently, they provide limited information in 3D . Furthermore, different boundary conditions produce different strain contrasts between the target and background regions in the elastograms. Therefore, interpretation of biolelasticity from these images alone may lead to false classification of lesions (Bilgen and Insana 1998a) . Inversion algorithms have been developed to calculate the true bioelasticity distribution (Kallel and Bertrand 1996 , Sumi et al 1995 . However, the availability of accurate information about the 3D motion and boundary conditions is the key to the success of these algorithms in producing images that are useful for clinical diagnosis. The images obtained after the lengthy inversion process may provide little extra information for small contrast lesions, because the contrast transfer efficiency for the axial strains is less sensitive to the lesion geometry (Bilgen and Insana 1998a) .
This paper analyses the performance of the standard cross correlation approach used to estimate the complex motions and the resulting deformations in 3D. The 1D signal model developed by Bilgen and Insana (1996) is extended to three dimensions (3D) with the help of a Lagrangian description of the tissue motion (Maurice and Bertrand 1999b) . The error analysis with this new extended model is performed for the estimates of 3D tissue motion and the corresponding strain tensor components. As in the case of 1D, signal decorrelation from the induced deformation is shown also to be a major problem in 3D. However, loss of signal coherence with 3D deformation results in more degradation in the performance of motion estimation. More importantly, the precision of the estimates is sensitive to the direction of motion. For example, motion parallel to the transducer array axis produce more errors than motion perpendicular to this axis, and axial shear type deformation may introduce more errors than that of the lateral shear depending on the features of the ultrasonic point spread function (PSF) defined by its width, length and wavelength. These new results may suggest better strategies for designing and developing new data acquisitions and instrumentation, and evaluating elastography image formation algorithms.
Echo signal model
The ultrasonic rf echo signal formed from the interaction of tissue and an acoustic pulse is modelled by considering the transducer as transmitting a broadband pulse and receiving echoes from small weakly scattering structures within a volume occupied by the pulse. These structures are due to random fluctuations in density and compressibility of the tissue, and their variations are represented by a reflectivity profile function f I (x). The vector x = (x, y, z) defines a spatial coordinate in 3D Euclidean space. Larger-scale variations due to existing pathological inhomogeneities in the tissue are associated with the bioelasticity and determine the internal deformation profile after external tissue compression (for brevity we use the term compression for any type of external source including compression, shear etc, generating the internal tissue deformation). Complex, nonlinear motion occurs in the interior of the tissue depending on the amount of compression. For small deformations, however, the resulting motion can locally be described in the Lagrangian sense using linear affine-type coordinate transformation and translation operations as is done in computer vision applications (Insana et al 2000 , Maurice and Bertrand 1999b , Meunier 1998 In general, the tensor components, a ij , can be assigned any value to map a unit volume into an arbitrary shape and size after the transformation. However, if this transformation is to represent a tissue motion, certain restrictions apply on the range of values that a ij can take. These restrictions are mainly determined by the underlying tissue structure (e.g. isotrophy, homogeneity and incompressibility (Poisson ratio ∼0.5)) and the applied boundary conditions on the tissue surfaces (Insana et al 1999 , Konofagou and Ophir 1998 , Meunier 1998 . In any case, the tensor A can be decomposed into symmetric and asymmetric parts. Elasticity theory in classical mechanics calls the symmetric part as strain tensor defining the true deformation while the asymmetric part is pure rotation or translation (Fung 1993) .
Mathematically, the noise-free echo signals received before and after the compression are obtained by filtering f I and f I I by the pulse-echo impulse response of the ultrasonic imaging system h (PSF). In general, the function h is time dependent and spatially variant because of the changes in the PSF profile. With focusing, the curvature of the phase front and width of the PSF change due to the near-field and far-field effects. By focusing on a specific region of interest located at x, the time dependence of the PSF can be absorbed into the spatial description of the function h. The signals received from this region before and after the compression can be written as
where
are the noise free signals, * denotes convolution, and n I (x) and n I I (x) are additive noise. Here we allowed PSF shaping, that is changing the properties of the PSF during the acquisition of the postcompression echo signal. Therefore, the PSFs before and after the compression are indicated by different subscripts.
Equation (1) represents continuous signals and the data acquired using ultrasonic 3D linear arrays can be considered as sampled from it. In elevational and lateral directions, the sampled echo field has lower resolution due to the coarse spacing between the array elements, and higher resolution is obtained along the axial direction due to the finer digital sampling. Consequences of this sampling on the motion estimation can be minimized by employing subsample interpolation at the cross-correlation peak. The analysis given in the following is performed with the continuous signals.
Covariance of motion estimation error
For the estimation of the tensor components, a ij , differential motion needs to be determined from the pre-and postcompression signals in equation (1). For this purpose, window functions w 1 (x) and w 2 (x) are used for segmenting the echo signal field. Notice that unlike those in (Bilgen and Insana 1997a, b, 1998b) , these functions define volumes in 3D and areas in 2D.
The functions are separated by a vector Z = ( Z x , Z y , Z z ) between their centres and are made to overlap by choosing the length of Z to be small compared with the window size. Since the windows are separated, the displacement vectors affecting the signals under each window are different and are denoted respectively by D 1 and D 2 . The 3D motion in tissue is obtained by crosscorrelating the windowed waveforms via
where the subscript i = 1 and 2 identifies the windows from which the displacement vector is to be estimated. The shift parameter τ i which makes the cross-correlation function attain its peak determines the estimate of the displacement vector D i , i.e.
The error representing the deviation of the displacement estimateD from the true displacement D is calculated in appendix A:
where H i is the expected value of the Hessian matrix of the cross-correlation function of the noise-free signals, ∇ is gradient operation and φ N is described therein (equation (A4)).
With the assumptions detailed in appendix A, the expected deviation of the displacement estimates can be shown to be zero, i.e.
indicating thatD i is an unbiased estimate of D i . E [.] in the above equation denotes the expectation operation. The covariance matrix of the displacement estimates can be obtained by combining equations (4) and (5) as
The
) 2 ] of this matrix was investigated in detail in Bilgen and Insana (1997a, b, 1998b) for predicting the variance of the axial strain estimates, i.e. the a zz component of the tensor A,
based on a 1D signal model. The other diagonal terms can similarly be used to predict the variances of the lateral and elevational strain
The utility of the off-diagonal elements is not clear at this point. But these terms can be used to predict the variances for the estimates of the off-diagonal components of A. For example, the estimate of the shear strain a xz can be calculated from the displacement estimates according tô
The variance of this estimate can be written as
and equalities cov(
The cov(., .) terms in the right-hand side of equation (8b) are determined from the off diagonal xz and zx elements of the covariance matrix in equation (6). Signal decorrelation is measured from the attenuation of the correlation coefficent peak (Bilgen and Insana 1996) 
where the terms in the denominator are given by
for j = I and II.
Displacement covariance matrix and correlation coefficient
In this section the covariance matrix in equation (6) and the correlation coefficient in equation (9) are calculated explicitly. The window functions w 1 (x) and w 2 (x) are chosen as Gaussian
and
Here the matrix Z determines the size of the window functions and Z is the window shift vector defined in the previous section. To make the mathematical analysis tractable, we assume
. These are valid approximations for |τ |, |τ 1 | and |τ 2 | |Z|. The PSF h I in equation (1) is modelled by a Gaussian modulated sinusoid
to represent a band-pass spectrum in the 3D domain. The matrix L determines the size of the PSF while k 0 defines the centre frequency and direction of ultrasonic propagation. The PSF h I I has the same functional form as h I but defined with different parameters L and k 0 . This primed notation is conveniently used to indicate if the PSF shaping is applied during the acquisition of the postcompression signals.
The reflectivity function f I and the additive noise n components in echo signals are considered to be Gaussian white noise processes with variances σ 2 f and σ 2 n respectively. The signal-to-noise ratio is defined as SNR = σ 2 f /σ 2 n 1. With the above considerations, the functions that would lead to the calculation of equation (6) are determined in appendix B and are given by equations (B3) and (B4). An important observation is that the shift-dependent term in the first line of equation (B4a) is not affected by the gradient operations and can therefore be factored out to render the displacement covariance matrix
where var( D 2 ] is the displacement variance matrix. This simplistic but important result relates the displacement covariance to the displacement variance in a simple fashion through a multiplication by an exponential with window shift and size dependency.
Evaluating equation (10) and from equation (B1), the correlation coefficient in equation (9) can be found as
where σ and b are defined in appendix B.
Calculation results

Methods
In the following, the utilities of the formulae derived in the previous section are illustrated with examples. The geometry is restricted to 2D to reduce the complexity of computations while, at the same time, providing basic understanding of the interactions between the experimental and signal processing parameters. The extension to 3D can be carried out trivially by invoking the elevational parameters into the calculations. Three 2D strain tensors are considered to represent the basic deformations in the forms of axial compression, pure axial shear and pure lateral shear that are respectively defined by the following tensors (Fung 1993 
The last two can be combined to obtain the rotation tensor. The condition |I + A| = 1 needs to be satisfied to simulate an incompressible tissue, which leads to the substitution a xx = −a zz since a 1 for small axial strains. When dealing with other types of tissue, e.g. poroelastic tissue, the values for the individual tensor components are determined from the Poisson's ratio and boundary conditions. Unlike the convention used in classical elastodynamics, the positive strain values in this paper represent compression along the axial z-direction and negative strains represent expansion along the lateral x-direction.
The PSF is described by a diagonal matrix
where the terms L x and L z respectively define the width and length of PSF. The vector k 0 is considered to be (0, k 0 ), representing an ultrasound propagating along the z-direction. The corresponding parameters for the PSF shaping are indicated by the primed variables, i.e. L and k 0 .
Unless stated otherwise, the parameters in the following calculations are set to simulate a 5 MHz transducer, no PSF shaping and large signal-to-noise ratio (SNR = 100). The corresponding values for the PSF parameters are
Results
Figures 1-3 illustrate the changes in the axial displacement variance var (D 1z ) and the behaviour of the correlation coefficient ρ as the experimental conditions are varied for the range of parameter values described therein. Figure 1 depicts the dependence of the variance on the ratio Z z /L z (equivalent to the time-bandwidth product) when the axial-and lateral-shear strains are absent in the tissue volume (i.e. a xz = a zx = 0). For zero axial strain, a unit volume translates with its dimensions unchanged as shown in figure 1(a) . According to figure 1(b), 
the variance of estimating the axial component of the motion decreases linearly with the ratio Z z /L z in the log scale as in the case of the Cramer-Rao lower bound. This decreasing trend can be represented by the formula
The parameters L x (PSF width) and d x (lateral motion induced in the tissue after the compression) scale the variance as illustrated in the figure.
For non-zero axial strains a zz = 0, the unit volume in figure 1(a) is subjected to a deformation and consequently its dimension changes depending on the amount of axial strain. The displacement variance curves attain a minimum at
Conditions simulating Z z /L z larger than this optimal value produce less precise displacement estimates. The effects of shear strain components (both axial and lateral) and the width of PSF on the axial displacement error and the correlation coefficient are illustrated effectively and compactly in figures 2 and 3. Figure 2 
clear that the accuracy of displacement estimates are determined by the complex interactions of underlying strain parameters. To further investigate these interactions, similar calculations are repeated in figures 3(a) and (b), but this time, the horizontal axis representing either a xz or a zx , and the data points are for the two different values of L x and a zz . According to these data, the errors exhibit varying degrees of sensitivity to the strain components a xz and a zx and also the PSF width. The origins of this sensitivity variation will be explained in the next section.
Discussion
The most common axial strain estimator is based on equation (7) where the axial displacements are estimated according to equation (3). The pre-and postcompression A-lines acquired by the same array element are cross-correlated after being segmented by overlapped and shifted window functions (Ophir et al 1991) . The matrix Z describing these functions reduces to a scalar quantity Z = Z 2 z , representing the square of the window length. Combining equations (8c) and (13), the performance of this estimator can be measured from the variance formula
This expression is substantially simpler than the one derived in Bilgen and Insana (1998b) in the sense that the axial displacement variance and the window-shift dependent term in the curly brackets are separated, allowing better interpretation of how the window overlap contributes to the axial strain variance. The ratio Z z /Z z is called the percentage window shift or overlap and is associated with the spatial resolution of axial strain estimates. It is usually kept small for improving the resolution and for these cases (i.e. Z z /Z z < 25%), equation (19) reduces to
Speckle decorrelation was defined as the attenuation of the correlation coefficient and was studied earlier by Meunier (1998) , and Maurice and Bertrand (1999b) using optical flow analysis of ultrasonic B-mode (envelope) images. In this paper, we presented similar results using equation (14), but for the rf signals. Band-pass rf signals offer displacement estimates with higher precision due to the preserved phase information, but also decorrelate rapidly with deformation compared with the base-band envelope signals (Bilgen and Insana 1997a, b) .
The term in the large parenthesis of equation (17) and equation (18) have already been discussed in detail for the 1D signal model in Bilgen and Insana (1997a, 1998b) . The factor (17) is new and is associated with the 3D nature of the problem that uniquely includes the parameters L x and d x . As illustrated in figure 1 , the displacement estimation variance increases with both of these parameters. This primarily occurs due to the signals being decorrelated by the lateral tissue motion and larger number of independent tissue scatterers contained in wider PSFs. The last statement is correct provided that the amplifier gains are unchanged so that the SNR stays constant. Therefore, best motion estimation performance is achieved with pulses with small widths and when d x = 0. This corresponds to the analysis of A-lines coinciding with the axis of symmetry in the lateral motion, i.e. the centre axis of the compressor. As the line of sight is moved away from this symmetry, the lateral motion increases according to d x = a xx x for a uniform tissue, where x is the distance from the central axis (Kallel et al 1997) . The lateral motion can also originate from other sources and may significantly increase the variances for small-width PSFs according to equation (17). This relationship indicates a trade-off between the selection of PSF width and tolerable lateral motion. In order to compensate these effects, signal-processing strategies involving lateral search in the echo field can be implemented to employ highly coherent signal pairs received by two nearby transducer array elements in the motion estimation process (Bilgen 1999b) .
Lateral motion can be estimated by tracking the changes in signals across the echo field (Konofagou and Ophir 1998) . The error analysis for these estimates can be performed using the displacement covariance matrix derived in this paper. Unlike axial signals, the signals in lateral direction lack phase modulation and consequently the resulting estimates become less precise. This directional dependence of the errors induces anisotropy in the performance of motion estimation.
Any type of deformation monotonically decorrelates the pre-and postcompression signals and subsequently reduces the accuracy of the motion estimates. As for the conditions that led to the calculations in figures 2 and 3, the sensitivity of errors varied with the type of deformation and the width of the PSF. This sensitivity variation can be explained by analysing the motion of tissue relative to the PSF profile after the deformation. Figure 4 graphically depicts two PSFs with different widths and a unit volume deforming in the presence of axial and lateral shear strains. Both PSF profiles have the same axial length 2L z and wavelength λ. In response to the strains, two hypothetical points (representing tissue scatterers) move along the directions indicated by the arrows. The strength of ultrasonic backscatter from each scatterer is determined by its position with respect to the PSF profile. Before and after the deformation, the scatterer on the left moves to a different phase of the PSF but the scatterer on the right stays on the same phase. At their new positions, the scatterers experience different PSF amplitudes that change the amount of contribution to the backscattered echo. The difference in the amount of backscatter contribution before and after the deformation makes the pre-and post-compression signals decorrelate. For the scatterer on the left, the signals before and after the deformation completely lose phase coherence if the axial shear strain satisfies a zx > λ/2L x . The scatterer on the right moves out of the beam when the lateral shear strain is a xz > L x /L z and does not contribute to the post-compression signal at all. Under these conditions, the most severe decorrelation occurs. By generalizing this simple analysis, it can be stated that the axial-shear strains become more effective for wide pulses L x L z with short wavelength, and the lateral shear strains become more important for long or narrow pulses L x L z . Clearly, it is essential to investigate the commonality of deformation types in tissues so that appropriate PSFs offering the best compromise in image quality can be designed for different tissues (e.g. breast versus prostate tissue). Signal companding was successfully shown to improve the performance of axial strain estimation . Signal warping is a generalized form of signal companding in 3D and produces a maximum-likelihood estimate for the motion (Insana et al 2000) . Therefore, it is advisable to apply these post-processing strategies to the pre-and post-compression signals. In addition, if possible, PSF shaping should be carried out during data acquisition to reduce the signal decorrelation (Bilgen and Insana 1996) . Figure 5 illustrates the improvements in the signal decorrelation with each of these attempts using a 1D signal model. Although companding alone is effective, the best restoration of signal decorrelation is achieved with acquisitions that employ PSF compression followed by signal companding as illustrated in the figure.
Conclusion
Given the experimental conditions, achieving accurate and precise motion estimates in elastography is very challenging. Obtaining clinically useful elastograms requires careful adjustment of experimental and signal processing parameters that interact in a complex fashion. The analysis presented in this paper helps enhance the basic understanding of some key elements and their effects on the performance of 3D motion estimation in elastography with the help of expressions derived for the correlation coefficient and displacement covariance matrix. It can serve as a guidance to determine the range of appropriate parameter settings that offer improved image quality for any elastography system and also to evaluate and design new systems with better performances. This paper did not consider phase aberration, curvature of motion or curvature of the PSF. Therefore, investigating their effects on motion estimation errors remains a topic for future studies.
